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Abstract. We present the derivation of a simple viscous damping model of Kelvin–Voigt type for geomet-
rically exact Cosserat rods from three-dimensional continuum theory. Assuming moderate curvature of the
rod in its reference conﬁguration, strains remaining small in its deformed conﬁgurations, strain rates that vary
slowly compared to internal relaxation processes, and a homogeneous and isotropic material, we obtain ex-
plicit formulas for the damping parameters of the model in terms of the well known stiﬀness parameters of
the rod and the retardation time constants deﬁned as the ratios of bulk and shear viscosities to the respective
elastic moduli. We brieﬂy discuss the range of validity of the Kelvin–Voigt model and illustrate its behaviour
for large bending deformations with a numerical example.
1 Introduction
Simulation models for computing the transient response of
structural members to dynamic excitations should contain
a good approach to account for dissipative eﬀects in order
to be useful in realistic applications. If the structure consid-
ered may be treated within the range of linear dynamics with
small vibration amplitudes, there is a well established set of
standard approaches, e.g. Rayleigh damping, or a more gen-
eral modal damping ansatz, to add such eﬀects on the level
of discretized versions of linear elastic structural models (see
e.g. Craig and Kurdila, 2006). In the case of geometrically
exact structure models for rods and shells (Antman, 2005),
such linear approaches are not applicable. Geometrically ex-
act rods, in particular, have a wide range of applications in
ﬂexible multibody dynamics. We refer to the brief introduc-
tion given in ch. 6 of G´ eradin and Cardona (2001) for a sum-
mary of the related work published before 2000, and to ch. 15
of Bauchau (2011) for a more recent account on this sub-
ject. Here the proper way to model viscous damping requires
the inclusion of a frame-indiﬀerent viscoelastic constitutive
model into the continuum formulation of the structure model
that is capable of dealing with large displacements and ﬁnite
rotations (see Bauchau et al., 2008).
1.1 Viscous Kelvin–Voigt damping for Cosserat rods
In our recent work (Lang et al., 2011), we suggested the pos-
sibly simplest model of this kind to introduce viscous mate-
rial damping in our quaternionic reformulation of Simo’s dy-
namic continuum model for Cosserat rods (Simo, 1985). Fol-
lowing general considerations of Antman (2005) about the
functional form of viscoelatic constitutive laws for Cosserat
rods, we simply added viscous contributions, which we as-
sumed to be proportional to the rates of the material strain
measures U(s,t) and V(s,t) of the rod, to the material stress
resultants F(s,t) and stress couples M(s,t), resulting in a
constitutive model of Kelvin–Voigt type:
F = ˆ CF·(V −V0)+ ˆ VF·∂tV, M = ˆ CM·(U−U0)+ ˆ VM·∂tU. (1)
A detailed presentation of the kinematical quantities and dy-
namic equilibrium equations of a Cosserat rod is given in
Sect. 2 (see Figs. 1 and 2 for a compact summary).
In the material constitutive equations (1) the elastic prop-
erties of the rod are determined by the eﬀective stiﬀness pa-
rameters contained in the symmetric 3×3 matrices ˆ CF and
ˆ CM. For homogeneous isotropic materials, both matrices are
diagonal and given by:
ˆ CF = diag(GA,GA,EA), ˆ CM = diag(EI1,EI2,GI3) , (2)
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Figure 1. Left: kinematic quantities for the (deformed) current and (undeformed) reference conﬁgurations of a Cosserat rod. Right: strain
measures of a Cosserat rod for transverse shearing, extensional dilatation, bending and twisting.
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Figure 2. Dynamic equilibrium equations of a Cosserat rod.
with stiﬀness parameters given by the elastic moduli E andG
and geometric parameters (area A, geometric moments Ik) of
the cross section. In Lang et al. (2011) we assumed a similar
structure for the matrices ˆ VF and ˆ VM, which determine the
viscous response:
ˆ VF = diag(γS1,γS2,γE) , ˆ VM = diag(γB1,γB2,γT) . (3)
The set of six eﬀective viscosity parameters γxx introduced
in Eq. (3) represents the integrated cross-sectional vis-
cous damping behaviour associated to the basic deformation
modes (bending, twisting, transverse shearing and extension)
of the rod, in the same way as the well known set of stiﬀness
parameters given above determines the corresponding elastic
response.
1.2 Effective damping parameter formulas
However, in Lang et al. (2011) the damping parameters γxx
remained undetermined w.r.t. their speciﬁc dependence on
material and geometric properties. Considering the special
case of homogeneous and isotropic material properties, they
certainly cannot be independent, but rather should be mutu-
ally related in a similar way as the stiﬀness parameters of
the rod in terms of two material parameters (E, G) and the
geometrical quantities (A, Ik) associated to the cross section.
Assuming moderate curvature of the rod in its reference con-
ﬁguration, strains remaining small in its deformed conﬁgu-
rations, strain rates that vary slowly compared to internal re-
laxation processes within the material, and a homogeneous
and isotropic material, we will show that they are given by
γS1/2
A
=
γT
I3
= η,
γE
A
=
γB1/2
I1/2
= ζ(1−2ν)2 +
4
3
η(1+ν)2, (4)
where ζ and η are the bulk and shear viscosities of a vis-
coelastic Kelvin–Voigt solid (Lemaitre and Chaboche, 1990)
with elastic moduli G and E = 2G(1+ν). While the viscous
damping of the deformation modes of pure shear type is
solely aﬀected by shear viscosity η, extensional and bending
deformations are both associated to normal stresses in the di-
rection orthogonal to the cross section, which are damped by
a speciﬁc combination of both bulk and shear viscosity that
depends on the compressibilty of the material and may be
interpreted as extensional viscosity parameter
ηE := ζ(1−2ν)2 +
4
3
η(1+ν)2 . (5)
IntroducingtheretardationtimeconstantsτS = η/G andτB =
ζ/K, which relate the viscosities η and ζ to the shear and
bulk moduli G and 3K = E/(1−2ν), as well as the time con-
stant τE := ηE/E = 1
3 [(1−2ν)τB + 2(1+ν)τS] relating ex-
tensional viscosity to Young’s modulus, the formulas (4) may
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be rewritten equivalently as
γS1/2
GA
=
γT
GI3
= τS ,
γE
EA
=
γB1/2
EI1/2
= τE (6)
in terms of the stiﬀness parameters of the rod and the retarda-
tiontimeconstants.InterestingspecialcasesofEq.(6)arethe
simpliﬁed expressions ηE = ζ+ 4
3η, τE = 1
3(τB+2τS) for com-
pletely compressible materials (ν = 0), and ηE = 3η, τE = τS
for incompressible materials (ν = 1
2). The relation ηE/η = 3
between shear and extensional viscosity is well known as
Trouton’s ratio for incompressible Newtonian ﬂuids (Trou-
ton, 1906) and holds more generally for viscoelastic ﬂu-
ids in the limit of very small strain rates (Petrie, 2006). If
ζ/η = K/G ⇔ τB = τS holds, one obtains τE = τB/S as exten-
sional retardation time constant (independent of ν).
Effective parameters modiﬁed by shear correction factors
It is well known that the stiﬀness parameters GA and GI3
related to shearing type deformation modes systematically
overestimate the actual stiﬀness of the structure for cross
section geometries that display non-negligible warping. In
the case of transverse shearing, this is accounted for via a
modiﬁcation of the corresponding stiﬀness parameter GA →
GAα :=GAκα by introducing dimensionless shear correction
factors κα ≤ 1 depending on the cross section geometry (see
Cowper, 1966; Gruttmann and Wagner, 2001). Likewise, the
torsional rigidityCT =GJT of a rod exactly equalsGI3 in the
case of (annular) circular cross sections only, but is smaller
than this value otherwise due to the presence of out-of-
plane warping of cross sections. The replacement GI3 →CT
correcting this deﬁcieny corresponds to the introduction of
another dimensionless correction factor κ3 = JT/I3 ≤ 1 de-
pending on the cross section geometry1 which modiﬁes the
torsional stiﬀness according to the replacement rule GI3 →
GJT =GI3κ3. Altogether the various shear corrections men-
tioned above yield the corrected set of stiﬀness parameter
values2
ˆ CF = diag(GA1,GA2,EA), ˆ CM = diag(EI1,EI2,GJT). (7)
1In the case of an elliptic cross section with half axes a and
b, the area moments are given by I1 = π
4a3b and I2 = π
4ab3, while
CT/G = JT = πa3b3/(a2+b2) = 4I1I2/(I1+I2),suchthatκ3 = JT/I3 =
4I1I2/(I1 +I2)2 ≤ 1 in this case. Equality (κ3 = 1) holds in the case
of a circular cross section with a = b = r ⇒ I1/2 = π
4r4 = 1
2I3 only.
According to Nikolai’s inequality CT ≤ 4GI1I2/(I1 +I2) the special
case of an elliptic cross section maximes torsional rigidity among
all asymmetric cross section geometries, and the value GI3 = 2GI
valid for circular cross sections provides the absolute maximum of
torsional rigidity (Berdichevsky, 1981).
2The stiﬀness parameters EA and EIα are not aﬀected by shear
warping eﬀects. However, they already account for uniform lateral
contraction, which is a simple speciﬁc type of in plane cross section
warping. This topic is discussed further in Sect. 3.4 below.
We argue that the analogously modiﬁed damping parameters
γS1/2 = GA1/2τS , γT = GJT τS (8)
associated to shearing type rod deformations likewise pro-
videacorrespondingimprovementoftheformulas(6),which
accounts for the inﬂuence of cross section warping on eﬀec-
tive viscous dissipation, such that the eﬀective viscosity ma-
trices ˆ VF and ˆ VM introduced in Eq. (3) may be rewritten as
ˆ VF = ˆ CF ·diag(τS,τS,τE), ˆ VM = ˆ CM ·diag(τE,τE,τS) (9)
in terms of the eﬀective stiﬀness matrices and retardation
time constants given above.
1.3 Related work on viscoelastic rods
While there is a rather large number of articles considering
various kinds of damping terms (also of Kelvin–Voigt type)
added to linear Euler–Bernoulli or Timoshenko beam mod-
els (usually assumed to have a straight reference geometry),
one hardly ﬁnds any work on viscous damping models for
geometrically nonlinear beams or rods in the literature.
One notable exception is Antman’s work (2003), where
a damping model as given by Eq. (1) with positive, but
otherwise undetermined parameters (3) is suggested from
a completely diﬀerent, mathematically motivated viewpoint,
namely: as a simple possibility to introduce dissipative terms
(denoted as artiﬁcial viscosity) into the dynamic balance
equationsofaCosseratrod,whichconstituteanonlinearcou-
pled hyperbolic system of PDEs (see also Weiss, 2002a), and
thereby achieve a regularization eﬀect in view of the possible
formation of shock waves that might appear in the undamped
hyperbolic equations.
The recent article of Abdel-Nasser and Shabana (2011)
is another relevant work for our topic. By inserting a 3-D
Kelvin–Voigt model into a geometrically nonlinear beam
given in absolute nodal coordinate formulation (ANCF), the
authors obtain a viscous damping model for such ANCF
beams which (by construction) is closely related, but con-
ceptually quite diﬀerent from our approach proposed for
Cosserat rods. Later we brieﬂy discuss the relation of both
damping models (see Sect. 4.3). We refer othwise to the arti-
cle of Romero (2008) for a comparison of the geometrically
exact and ANCF approaches to nonlinear rods.
Mata et al. (2008) model the inelastic constitutive be-
haviour of composite beam structures under dynamic load-
ing, using a Cosserat model as kinematical basis. However,
they evaluate inelastic stresses by numerical integration of
3-D Piola–Kirchhoﬀ stresses over 2-D discretizations of the
local cross sections to obtain the stress resultants and cou-
ples of Simo’s model. This diﬀers from our approach aiming
at a direct formulation of frame-indiﬀerent inelastic consti-
tutive laws in terms of F and M, as achieved e.g. by Simo
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et al. (1984) for viscoplastic rods. The viscous model pro-
posed in Sect. 3.2 of their paper is likewise of Kelvin–Voigt
(KV) type, but formulated in terms of a vectorial strain mea-
sure related to the Biot strain (see also Sect. A2) and de-
ﬁned pointwise within the cross section. Moreover, they set
up their model using only a single viscosity parameter.
Although there seems to be no further work on viscoelas-
tic Cosserat rods made from solid material, viscoelastic ﬂow
in domains with rod-like geometries has been discussed in a
number of articles. In his work on the coiling of viscous jets,
Ribe (2004) presents a reduction of the three-dimensional
Navier–Stokes equations to the dynamic equilibrium equa-
tions of a Kirchhoﬀ/Love rod, endowed with Maxwell type
constitutive equations for the viscous forces and moments
which govern the ﬁnite resistance of the jet axis to stretch-
ing, bending and twisting. Although the derivation approach
is diﬀerent from ours, it represents its ﬂuid-mechanical coun-
terpart, as it likewise provides eﬀective damping parameters3
as given in Eq. (4), in the special case of an incompress-
ible viscous ﬂuid (ν = 1
2) with extensional viscosity given
by Trouton’s relation ηE = 3η, which in turn conﬁrms our
derivation of this special result.
A systematic derivation and mathematical investigation of
viscous string and rod models in the context of Ribe’s work
is given by Panda et al. (2008) and Marheineke and Wegener
(2009). Klar et al. (2009) and Arne et al. (2011) likewise use
Ribe’s Maxwell type constitutive law in their related work on
the simulation of viscous ﬁbers aiming at applications in the
area of textile and nonwoven production. Lorenz et al. (2012)
extend constitutive modelling for viscous strings by deriv-
ing an upper convected Maxwell model using mathematical
methods of asymptotic analysis.
In the same context we ﬁnally mention the discrete mod-
elling approach for viscous threads presented by Bergou et
al. (2010), which extends earlier work of Bergou et al. (2008)
on discrete elastic rods that, similar to our own approach as
brieﬂy presented in Linn et al. (2008) (see also Jung et al.,
2011), relies on geometrically exact rod kinematics based on
the discrete diﬀerential geometry of framed curves.
1.4 Overview of the remaining sections of the paper
After collecting a few basics of Cosserat rod theory in the
following Sect. 2, we proceed with our derivation of the for-
mulas (4) in of a two-step procedure: in Sect. 3 we start with
the derivation of the elastic (stored) energy function
3In the case of viscous ﬂow in a rod-shaped domain, the area
A(s) of the (circular) cross section as well as its geometric area mo-
ment I(s) vary along the centerline curve in accordance with mass
conservation modeled by a divergence-free velocity ﬁeld of an ex-
tensional ﬂow with uniform lateral contraction.
We(t) =
L Z
0
ds
1
2
h
∆V(s,t)T · ˆ CF ·∆V(s,t) (10)
+ ∆U(s,t)T · ˆ CM ·∆U(s,t)
i
of a Cosserat rod, which is a quadratic functional of the terms
∆U(s,t) = U(s,t)−U0(s) and ∆V(s,t) = V(s,t)−V0(s) mea-
suring the change of the strain measures w.r.t their reference
values, from three-dimensional continuum theory.
This sets the notational and conceptional framework for
the subsequent derivation of the viscous part of our damping
model given in Sect. 4 by an analogous procedure, which
yields the dissipation function
Dv =
L Z
0
ds
1
2
h
∂tVT · ˆ VF ·∂tV + ∂tUT · ˆ VM ·∂tU
i
(11)
of a Cosserat rod introduced4 in Lang et al. (2011). The dis-
sipation function (11), deduced from the three-dimensional
(volumetric) continuum version of the dissipation function
of a Kelvin–Voigt solid (Landau and Lifshitz, 1986; Lemaitre
and Chaboche, 1990), corresponds to one half of the volume-
integrated viscous stress power of a rod-shaped Kelvin–Voigt
solid, such that 2Dv yields the rate at which the rod dissipates
mechanical energy.
Having completed our derivation of the Kelvin–Voigt
model, we proceed by a discussion of a seemingly straight-
forward, but, as it turns out, erroneous approach to derive
the viscous parts of the forces and moments as given by
Eq. (1) as resultants in analogy to the elastic counterparts.
This shows that our energy-based approach to derive viscous
damping is the proper one. After that, we brieﬂy comment
on the relation of our continuum model to the Kelvin–Voigt
type model recently proposed by Abdel-Nasser and Shabana
(2011) within their alternative ANCF approach to geometri-
cally nonlinear rods, and conclude Sect. 4 by a short discus-
sion of the validity of the Kelvin–Voigt model w.r.t. a more
general viscoelastic model of generalized Maxwell type.
In Sect. 5, we illustrate the behaviour of our viscous damp-
ing model (1) by some simple numerical experiments with a
clamped cantilever beam subject to bending with large de-
ﬂections. We conclude our article with a short summary.
2 Basic Cosserat rod theory
The conﬁguration variables of a Cosserat rod (see Antman,
2005) are its centerline curve ϕ(s,t) = ϕk(s,t) ek with carte-
sian component functions ϕk(s,t) w.r.t. the ﬁxed global ONB
4In Lang et al. (2011) we absorbed the prefactor 1/2 into the
deﬁnition (3) of the damping parameters (see Eqs. 9 and 10 in
Sect. 2.2). This leads to an additional factor of 2 multiplying VF
and VM in the constitutive equations (1) of the rod model.
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{e1,e2,e3} of Euclidian space and “moving frame” ˆ R(s,t) =
a(k)(s,t)⊗ek ∈ SO(3) of orthonormal director vectors, both
smooth functions of the curve parameter s and the time t,
with the pair {a(1),a(2)} of directors spanning the local cross
sections with normals a(3) along the rod (see Fig. 1).
2.1 Material strain measures
The material strain measures associated to the conﬁguration
variables are given by (i) the components Vk = a(k)·∂sϕ of the
tangent vector in the local frame (i.e.: V = ˆ RT ·∂sϕ = Vkek),
with V1,V2 measuring transverse shear deformation and V3
measuring extensional dilatation, and (ii) the material Dar-
bouxvector U = ˆ RT·u = Ukek,obtainedfromitsspatialcoun-
terpart u = Uka(k) governing the Fr´ enet equations ∂sa(k) =
u×a(k) ofthe framedirectors,withU1,U2 measuringbending
curvature w.r.t. the director axes {a(1),a(2)}, and U3 measur-
ing torsional twist around the cross section normal.
In general, the reference conﬁguration of the rod, given
by its centerline ϕ0(s) and frame ˆ R0(s) = a
(k)
0 (s)⊗ek, may
have non-zero curvature and twist (i.e.: U0 , 0). However
we may assume zero initial shear (V01 = V02 = 0), such that
all cross sections of the reference conﬁguration are orthog-
onal to the centerline tangent vector, which coincides with
the cross section normal (i.e.: ∂sϕ0 = a
(3)
0 ⇒ V03 = 1) if we
choose the arc–length of the reference centerline as curve
parameter s.
2.2 Dynamic equilibrium equations
The constitutive equations (1) – or more general ones of vis-
coelastic type (see ch. 8.2 in Antman, 2005) – are required to
close the system of dynamic equilibrium equations
∂sf + fext = (ρ0A)∂2
t ϕ (12)
∂sm + ∂sϕ× f + mext = ∂t

ρ0ˆ J·ω

(13)
(see Fig. 2) which has to be satisﬁed by the spatial stress
resultants f = ˆ R· F and stress couples m= ˆ R· M with ap-
propriate boundary conditions (see Simo, 1985). The inertial
terms appearing on the r.h.s. of the equations of the balance
of forces (linear momentum) (12) and the balance of mo-
ments (angular momentum) (13) depend parametrically on
the local mass density ρ0(s) along the rod as well as on geo-
metrical parameters of the local cross section (area A(s) and
area moment tensor ˆ J(s,t) = ˆ R·ˆ J0(s)· ˆ RT) and contain the ac-
celerations of the centerline positions ∂2
t ϕ(s,t) as well as the
angular velocity vector ω(s,t), which is implicitely deﬁned
by the the temporal evolution equations ∂ta(k) = ω× a(k) of
the frame in close analogy to the Darboux vector, and its time
derivative ∂tω(s,t) as dynamical variables (see Simo, 1985;
Antman, 2005; Lang et al., 2011 for details).
Although we implemented Kelvin–Voigt type viscous
damping given by Eq. (1) for our discrete5 Cosserat model
5Practical applications of our Cosserat rod model with Kelvin–
Voigt damping in Multibody System Dynamics are reported in our
formulated with unit quaternions as explained in detail by
Lang et al. (2011) and investigated further in Lang and
Arnold (2012) w.r.t. numerical aspects, we do not make use
of this particular formulation here, as it is more practical
to work with the directors associated to SO(3) frames for
the vector-algebraic calculations which we have to carry out
within our derivations of one-dimensional rod functionals
from three-dimensional continuum formulation.
2.3 Spatial conﬁgurations of a Cosserat rod
Introducing cartesian coordinates (ξ1,ξ2) w.r.t. the director
basis {a
(1)
0 (s),a
(2)
0 (s)} of the cross section located at the cen-
terline point ϕ0(s), the spatial positions of material points in
the reference conﬁguration of the rod are given by6
X(ξ1,ξ2,s) = ϕ0(s) + ξα a
(α)
0 (s) . (14)
The positions of the same material points in the current (de-
formed) conﬁguration are then given by
x(ξ1,ξ2,s,t) = ϕ(s,t) + ξα a(α)(s,t) + w(ξ1,ξ2,s,t) (15)
in terms of the deformed centerline curve ϕ(s,t), the rotated
orthonormal cross section basis vectors {a(1)(s,t),a(2)(s,t)},
the same pair of cartesian cross section coordinates (ξ1,ξ2),
and an additional displacement vector ﬁeld w(ξ1,ξ2,s,t),
which by deﬁnition describes the (in-plane and out-of-plane)
warping deformations of the cross sections along the de-
formed rod.
The kinematic assumption that the cross sections of a rod
remain plane and rigid in a conﬁguration is equivalent to
the assumption that the displacement ﬁeld w vanishes identi-
cally. Although we will initially adhere to this very common
assumption for rod models, we will later admit some speciﬁc
form of in-plane deformation of cross sections – namely: a
uniform lateral contraction – to correct a deﬁciency w.r.t. ar-
tiﬁcial in-plane normal stresses caused by the excessively
rigid kinematical ansatz (15) with w ≡ 0.
For simplicity we assume the rod to be prismatic, such
that all cross sections along the rod are identical, and the do-
main of the cartesian coordinates (ξ1,ξ2) coincides with one
ﬁxed domain A ⊂ R2. As usual we choose the geometrical
center of the domain A to coincide with the origin of R2
recent collaboration with Schulze et al. (2012). We refer to the arti-
cle of Zupan et al. (2009) for fundamental aspects of Cosserat rods
with rotational d.o.f. represented by unit quaternions, as well as to
the recent work (2012B) of the same authors discussing the un-
damped dynamics of quaternionic Cosserat rods with various time
integration approaches. Appendix B contains additional remarks re-
lated to alternative discretization approaches and model variants.
6Within this paper we make use of Einstein’s summation con-
vention – as the reader may have observed already – w.r.t. all indices
occuring twice withinproduct terms, with greek indices α,β,...run-
ning from 1 to 2 and latin ones i, j,k,... from 1 to 3.
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such that hξαiA = 0 holds, where we introduced the short-
hand notation hfiA :=
R
A f(ξ1,ξ2)dξ1dξ2 for the cross sec-
tion integral of functions. In addition we choose the orienta-
tion of the orthonormal director pairs {a
(1)
0 (s),a
(2)
0 (s)} as well
as {a(1)(s,t),a(2)(s,t)} to coincide with the principle geomet-
rical axes of A, such that hξ1ξ2iA = 0 holds. The quantities
that characterize the geometric properties of the cross sec-
tion in the Cosserat rod model are the cross section area
A = h1iA, the two area moments I1 =
D
ξ2
2
E
A, I2 =
D
ξ2
1
E
A and
the polar area moment I3 =
D
ξ2
1 +ξ2
2
E
A = I1 +I2. With these
deﬁnitions we obtain the centerline of the reference conﬁgu-
ration as the average position ϕ0(s) = hXiA/A of all material
points of the cross section located at ﬁxed s. The same rela-
tion ϕ(s,t) = hxiA/A holds for deformed conﬁgurations pro-
vided that the warping ﬁeld w(ξ1,ξ2,s,t) satisﬁes hwiA = 0.
3 The stored energy function of a Cosserat rod
In order to set the notational and conceptional framework for
the derivation of the viscous part of our damping model, we
ﬁrst give a brief account of the derivation of its elastic part,
i.e.: the stored energy function (10) of a Cosserat rod. Within
this derivation we will encounter a variety of smallness as-
sumptions w.r.t. the curvatures describing the reference ge-
ometry of the rod as well as the local strains occuring in its
deformed conﬁgurations. In our subsequent derivation of the
viscous dissipation function (11) we will use the same as-
sumptions and thereby remain consistent with the derivation
of the elastic part.
3.1 Three-dimensional strain measures
In the ﬁrst step we compute the deformation gradient ˆ F =
gk ⊗Gk, the right Cauchy–Green tensor ˆ C = ˆ FT · ˆ F and the
Green–Lagrange strain tensor ˆ E = 1
2(ˆ C−ˆ I) from the basis
vectors Gk = ∂kX and gk = ∂kx associated to the curvilinear
coordinates of the rod conﬁgurations given by Eqs. (14) and
(15), with ∂k = ∂
∂ξk for k = 1,2 and ∂3 = ∂s for ξ3 = s.
The dual basis vectors Gj and gj are deﬁned by the rela-
tions Gi·Gj = δij and gi· gj = δij, respectively. Proceeding in
this way we obtain the basis vectors of the reference conﬁgu-
ration (14) as Gα = a
(α)
0 (s) and G3 = a
(3)
0 (s)+ξαU0α(s)a
(α)
0 (s).
Their duals may be computed from the general formula
Gi = Gj ×Gk/J0 with J0 := (G1 ×G2)·G3, where (ijk) is a
cyclic permutation of the indices (123), resulting in: G1 =
a
(1)
0 + ξ2
U03
J0 a
(3)
0 , G2 = a
(2)
0 − ξ1
U03
J0 a
(3)
0 , and G3 = 1
J0 a
(3)
0 .
The inital curvatures U0α(s) contained in the determinant
J0(s) = 1+ξ2U01(s)−ξ1U02(s) and the initial twist U03(s) of
the reference conﬁguration (14) inﬂuence the deviation of
the dual vectors Gk from the frame directors a
(k)
0 (s) within
the cross section. Both vectors coincide if the reference con-
ﬁguration of the rod is straight and untwisted (i.e.: U0 =
0). We have approximate coincidence Gk ≈ a
(k)
0 (s) if cur-
vature and twist of the reference conﬁguration are suﬃ-
ciently weak, in the sense that for the curvature radii given
by Rk = 1/|U0k| the estimates |ξα|/R3  1 and |ξα|/Rβ  1 ⇒
J0 ≈ 1 hold throughout each cross section along the rod,
such that all initial curvature radii Rα are large compared
to the cross section diameter. The geometric approximation
J0(s) ≈ 1 will occur repeatedly and therefore play an impor-
tant role in the derivation of the elastic energy and dissipa-
tion function of a Cosserat rod. To compute the deformation
gradient we also need the basis vectors gα = a(α)(s,t) and
g3 = a(3)(s,t)+ξαUα(s,t)a(α)(s,t) of the deformed conﬁgura-
tion (15) with vanishing gradient of the warping vector ﬁeld
(∂kw = 0). For the dual vectors gk one obtaines analogous ex-
pressions as those for the dual vectors Gk given above, which
we omit here.
For the special kinematical relations of a Cosserat rod,
the deformation gradient ˆ F = gk ⊗Gk may be expressed in
terms of a pseudo-polar decomposition (see G´ eradin and
Cardona, 2001) by a factorization of the relative rotation
ˆ Rrel(s,t) := ˆ R(s,t)· ˆ RT
0(s) = a(k)(s,t)⊗a
(k)
0 (s) connecting the
moving frames of the reference and deformed conﬁgurations
of the rod. The resulting formula
ˆ F(ξ1,ξ2,s,t)=ˆ Rrel(s,t)
"
ˆ I+
1
J0(s)
H(ξ1,ξ2,s,t)⊗a
(3)
0 (s)
#
(16)
depends on the absolute values of the curvatures of the
reference conﬁguration (14) through J0(s), and on the
change of the strain measures of the Cosserat rod given
by the diﬀerence vectors U(s,t)−U0(s) and V(s,t)−V0 =
(V1(s,t),V2(s,t),V3(s,t)−1)T in terms of the material strain
vector H(ξ1,ξ2,s,t) = Hk(ξ1,ξ2,s,t)a
(k)
0 (s) with components
H1(ξ2,s,t) = V1(s,t)−ξ2[U3(s,t)−U03(s)] ,
H2(ξ1,s,t) = V2(s,t)+ξ1[U3(s,t)−U03(s)] , (17)
H3(ξ1,ξ2,s,t) = [V3(s,t)−1]+ξ2[U1(s,t)−U01(s)]
−ξ1[U2(s,t)−U02(s)] ,
which can be written more compactly7 in the form of a carte-
sianvector ˆ RT
0·H = (V−V0)−ξαeα×(U−U0) = Hkek w.r.t.the
ﬁxed global frame {e1,e2,e3}.
Computing the right Cauchy–Green tensor ˆ C = ˆ FT · ˆ F with
the deformation gradient given by Eq. (16) results in the
following kinematically exact expression for the Green–
Lagrange strain tensor:
7Our derivation generalizes the one given by G´ eradin and Car-
dona (2001) for the simpler case of a straight and untwisted ref-
erence conﬁguration of the rod (i.e. U0 = 0). Apart from using a
slightly diﬀerent and more compact notation, the kinematically ex-
act expression of the deformation gradient given by Eqs. (16) and
(17) is algebraically equivalent to the one given by Kapania and Li
(2003) in eq. (47) of their paper. We note that the diﬀerence terms
U−U0 and V−V0 appear already in the kinematically exact expres-
sion (18) before discarding second order terms. This shows that our
approach is more general than the one chosen by Weiss (2002a).
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ˆ E =
1
2J0
h
H⊗ a
(3)
0 + a
(3)
0 ⊗ H
i
+
H2
2J2
0
a
(3)
0 ⊗ a
(3)
0 . (18)
The approximate expression8
ˆ E ≈
1
2
h
H⊗ a
(3)
0 + a
(3)
0 ⊗ H
i
(19)
may be obtained from Eq. (18) by the geometric approxima-
tion J0 ≈ 1 assumed to hold for the reference geometry and
the additional assumption kHk  1 of a small material strain
vector. Later we will make use of the approximate strain ten-
sor (19), which is linear in the vector ﬁeld H and therefore
also in the change of the strain measures of the rod, to ob-
tain the stored energy function (10), which then becomes a
quadratic form in the change of the strain measures. Like-
wise we will use Eq. (19) to obtain an approximation of the
strain rate ∂tE in terms of the rate ∂tH of the strain vector.
3.2 Validity of the small strain approximation
For deformed conﬁgurations of a slender rod one observes
large displacements and rotations, but local strains remain
small. To estimate the size of the strain tensor it is useful to
compute its components Eij = a
(i)
0 ·(ˆ E· a
(j)
0 ) w.r.t. the tensor
basis a
(i)
0 ⊗ a
(j)
0 obtained from the directors of the reference
frame ˆ R0(s). From Eqs. (18) and (19) we obtain identically
vanishing in-plane components (Eαβ = Eβα ≡ 0), as well as
the exact and approximate expressions
Eα3 = E3α =
Hα
2J0
≈
Hα
2
, E33 =
H3
J0
+
H2
2J2
0
≈ H3 (20)
of the components related to out-of-plane deformations of
the local cross section. Introducing the the quantity |ξ|max :=
max(ξ1,ξ2)∈A(|ξ1|,|ξ2|) to estimate the maximal linear exten-
sion of the cross section A, one may estimate the devi-
ation of the determinant J0(s) from unity by |J0(s)−1| ≤
|ξ|max(1/R1+1/R2) as a coarse check of the validity of the ap-
proximation J0 ≈ 1. Otherwise the smallness of the compo-
nents of ˆ E is implied by the smallness of the components Hk
of the strain vector. According to Eq. (17) these components
in turn become small if the change of the strain measures
of the Cosserat rod is small, i.e. if the estimates |Vα|  1,
|V3−1|  1, |Uk−U0k|  1/|ξ|max hold. For slender rods with
moderately curved undeformed geometry these estimates are
obviously easily satisﬁable, except for extreme deformations
of the rod that produce large curvatures or twists of the or-
der of the inverse cross section diameter. In this case, the
assumption of small strains obviously would be invalid.
8We note that Eq. (19) may alternatively be interpreted as an
approximation of the Biot strain (see Sect. A1 of the Appendix).
3.3 Elastic constitutive behaviour of rods at small strains
If we assume the rod material to behave hyperelastically with
a stored energy density function Ψe(ˆ E), a simple Taylor ex-
pansion argument9 shows that the behaviour of the energy
density within the range of small strains may be well approx-
imated by the quadratic function Ψe(ˆ E) ≈ 1
2 ˆ E : H : ˆ E, where
H = ∂2
ˆ EΨe(ˆ 0) is the fourth order Hookean material tensor
known from linear elasticity. This quadratic approximation
yields a well deﬁned frame-indiﬀerent elastic energy den-
sity that is suitable for structure deformations at small local
strains, but arbitrary large displacements and rotations, and
therefore serves as a proper basis for the derivation of the
stored energy function of a Cosserat rod.
The corresponding approximation of the stress-strain re-
lation yields the 2nd Piola–Kirchhoﬀ stress tensor ˆ S =
∂ˆ EΨe(ˆ E) ≈ H : ˆ E for small strains. The 1st Piola–Kirchhoﬀ
stress tensor ˆ P, which is used to deﬁne the stress resultants
andstresscouplesoftheCosseratrodmodel(seeSimo,1985,
for details), is obtained by the transformation ˆ P = ˆ F· ˆ S using
the deformation gradient, and the Cauchy stress tensor as the
inverse Piola transformation ˆ σ = J−1ˆ P· ˆ FT depending also on
J = det(ˆ F). If we approximate the strain tensor ˆ E by Eq. (19)
and consistently discard all terms that are of second order
in kHk in accordance with our assumption of small strains,
we have to use the approximation ˆ F ≈ ˆ Rrel(s) (which implies
J ≈ 1) for the deformation gradient in all stress tensor trans-
formations. This means that all pull back or push forward
transformations are carried out approximately as simple rel-
ative rotations connecting corresponding frames ˆ R0(s) and
ˆ R(s,t) of the undeformed and deformed conﬁgurations of a
Cosserat rod. Alltogether we obtain the approximate expres-
sions10
ˆ S ≈ H : ˆ E ⇒ ˆ P ≈ ˆ Rrel · ˆ S , ˆ σ ≈ ˆ Rrel · ˆ S· ˆ RT
rel (21)
for the various stress tensors, which are valid for the speciﬁc
type of small strain assumptions encountered for Cosserat
rods, as discussed above.
In the case of a homogeneous and isotropic material, the
Hookean tensor acquires the special form of an isotropic
fourth order tensor HSVK = λˆ I⊗ˆ I+2µI depending on two
constant elastic moduli: the Lam´ e parameters λ and µ. Here
ˆ I and I are the second and fourth order identity tensors,
which act on (symmetric) second order tensors ˆ Q by dou-
ble contraction as I : ˆ Q = ˆ Q and ˆ I : ˆ Q = Tr( ˆ Q), such that
one obtains ˆ Q : (ˆ I⊗ˆ I) : ˆ Q = Tr( ˆ Q)2 and ˆ Q : I : ˆ Q = ˆ Q : ˆ Q =
Tr( ˆ Q2) = k ˆ Qk2
F, where k...kF is the Frobenius norm. The
corresponding energy function is the Saint–Venant Kirchhoﬀ
9Additional assumptions are the vanishing of the elastic energy
density at zero strain (Ψe(ˆ 0) = 0), as well as the absence of initial
stresses in the undeformed conﬁguration (i.e.: ˆ S0 = ∂ˆ EΨe(ˆ 0) = ˆ 0).
10An alternative interpretation of Eq. (21) in terms of the Biot
stress tensor is brieﬂy discussed in Sect. A3 of the Appendix.
www.mech-sci.net/4/79/2013/ Mech. Sci., 4, 79–96, 201386 J. Linn et al.: Geometrically exact Cosserat rods with Kelvin–Voigt type viscous damping
potential
ΨSVK(ˆ E) =
1
2
ˆ E : HSVK : ˆ E (22)
=
λ
2
Tr(ˆ E)2 + µkˆ Ek2
F =
K
2
Tr(ˆ E)2 + µkP : ˆ Ek2
F ,
where P = I− 1
3ˆ I⊗ˆ I is the orthogonal projector on the sub-
space of traceless second order tensors, such that P : ˆ E =
ˆ E− 1
3Tr(ˆ E)ˆ I yields the traceless (deviatoric) part of the strain
tensor, and K = λ+ 2
3µ is the bulk modulus.
3.4 Modiﬁed strain tensor including lateral contraction
The stress-strain relation obtained from (22) is given by
ˆ SSVK = λ Tr(ˆ E) ˆ I + 2µ ˆ E = K Tr(ˆ E) ˆ I + 2µ P : ˆ E . (23)
Inserting the approximate expressions (19) and (20) of the
straintensoranditscomponentsintoEq.(23)yieldsthesmall
strain approximation ˆ SSVK ≈ λH3ˆ I+µ[H⊗a
(3)
0 +a
(3)
0 ⊗H] of
the stress tensor ˆ SSVK for Cosserat rods. The computation of
thestresscomponentsw.r.t.thebasisof ˆ R0(s)directorsyields
normal stress components S αα ≈ λH3 and S 33 ≈ (λ+2µ)H3,
and the shear stress components are given by S 12 = S 21 = 0
and S α3 = S 3α ≈ µHα, respectively.
As both elastic moduli λ = 2µν/(1−2ν) and λ+2µ = 2µ(1−
ν)/(1−2ν) appearing in the expressions for the normal stress
components, expressed in terms of the shear modulus µ =
G and Poisson’s ratio given by 2ν = λ/(λ+µ), diverge in
the incompressible limit ν → 1
2 (just as the bulk modulus
K = 2
3
1+ν
1−2νG does), the normal stresses would become in-
ﬁnitely large whenever the normal strain E33 ≈ H3 becomes
nonzero. This unphysical behaviour is a direct consequence
of the kinematical assumption of plain and rigid cross sec-
tion, which prevents any lateral contraction of the cross sec-
tion in the case of a longitudinal extension. Therefore the
assumption of a perfectly rigid cross section, as well as the
expressions (18) and (19) derived under this assumption, are
strictly compatible only with perfectly compressible materi-
als (i.e.: in the special case ν = 0).
The standard procedure to ﬁx this deﬁciency (see e.g.
Weiss, 2002a) is based on the plausible requirement that
all in-plane stress components S αβ (including the normal
stresses S αα), which for rods in practice are very small com-
pared to the out of plain normal and shear stresses S α3 and
S 33, should vanish completely. This may be achieved by im-
posing a uniform lateral contraction with in-plane normal
strain components Eαα = −νE33 upon the cross section. Al-
though this procedure seems to be rather ad hoc, it may be
justiﬁed by an asymptotic analysis11 of the local strain ﬁeld
for rods, e.g. in the way as presented by Love (1927) in the
paragraph §256 on the “Nature of the strain in a bent and
11SeeBerdichevsky(1981)andch.15ofBerdichevsky(2009)for
a modern comprehensive analysis within Berdichevsky’s variational
asymptotic approach.
twisted rod” in ch. XVIII of his book. Following Love’s anal-
ysis, we obtain the in-plane normal strains to leading order
as Eαα = ∂αwα = −νE33 with the additional requirement that
E12 = E21 = ∂1w2 +∂2w1 = 0, which determines the in-plane
components wα of the the warping ﬁeld w corresponding to
the lateral contraction in terms of E33.
To obtain the modiﬁed value of Eαα = −νE33 one has to
add an additional term −νE33 a
(α)
0 ⊗ a
(α)
0 to the exact expres-
sion (18) of the strain tensor. Using the identity ˆ I = a
(k)
0 ⊗a
(k)
0 ,
we obtain the modiﬁed expression
ˆ E0 = ˆ E − νE33
h
ˆ I− a
(3)
0 ⊗ a
(3)
0
i
(24)
for the strain tensor, with E33 ≈ H3 as small strain approxi-
mation according to Eq. (19). Inserting the modiﬁed strain
tensor (24) into the stress-strain equation of the Saint–
Venant–Kirchhoﬀ material with Tr(ˆ E0) = (1−2ν)E33 ≈ (1−
2ν)H3, and using the relation λ(1−2ν) = ν
1+νE that relates the
Lam´ e parameter λ to Young’s modulus E, we obtain the fol-
lowing modiﬁed expression for the stress of a Cosserat rod:
ˆ S0
SVK ≈
Eν
1+ν
H3 a
(3)
0 ⊗ a
(3)
0 + G
h
H⊗ a
(3)
0 + a
(3)
0 ⊗ H
i
. (25)
By construction, we now obtain vanishing in-plane stress
components S 0
12 = S 0
21 = S 0
αα ≡ 0, while the transverse shear
stresses remain unaﬀected by the modiﬁcation (i.e.: S 0
α3 =
S 0
3α ≈GHα with G = µ). As 2G = E/(1+ν), we likewise ob-
tain the modiﬁed expression S 0
33 ≈ EH3 for the normal stress
component orthogonal to the cross section, which corre-
sponds to the familiar expression from elementary linear
beam theory, with Young’s modulus E replacing λ+2µ.
3.5 Elastic energy of a Cosserat rod
Next we demonstrate brieﬂy that the modiﬁed expressions
(24) and (25) immediately lead to the known stored energy
function (10) mentioned in the introduction.
In the case of a hyperelastic material with an elastic
(stored) energy density Ψe the elastic potential energy of a
body is given by the volume integral
R
V0 dVΨe of the energy
density over the volume V0 of the reference conﬁguration
of the body. In the case of a rod shaped body parametrized
by the coordinates (ξ1,ξ2,s) of the reference conﬁguration
(14), the volume measure of V0 is given by dV = J0dsdξ1dξ2,
where J0 is the Jacobian of the reference conﬁguration (see
Sect. 3.1). Using the geometric approximation J0 ≈ 1, the
stored energy function of a rod shaped body is obtained as
the integral
R
V0 dVΨe ≈
R L
0 ds hΨeiA of the density over the
cross sections and along the centerline of the reference con-
ﬁguration of the rod.
In the special case of the energy density (22) this leads
to the stored energy function We =
R L
0 ds
D
ΨSVK(ˆ E0)
E
A, using
the modiﬁed strain tensor ˆ E0 from Eq. (24). Applying our
previously introduced approximations of small strains and
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small initial curvature, we obtain the approximate expression
ΨSVK(ˆ E0) =
1
2
ˆ S0
SVK : ˆ E0 ≈
1
2
h
EH2
3 + G(H2
1 +H2
2)
i
(26)
for the energy density. Its cross section integral
D
ΨSVK(ˆ E0)
E
A
may be evaluated in terms of the integrals
D
H2
1 +H2
2
E
A = A(V2
1 +V2
2) + I3(U3 −U03) ,
D
H2
3
E
A = A(V3 −1)2 + Iα(Uα −U0α) ,
which ﬁnally yields the desired result
2
D
ΨSVK(ˆ E0)
E
A ≈ EA(V3 −1)2 + GA(V2
1 +V2
2) (27)
+ EIα(Uα −U0α) + GI3(U3 −U03),
corresponding exactly to the stored energy function (10) with
eﬀective stiﬀness parameters given by Eq. (2). The subse-
quent introduction of shear correction factors (GA →GAκα)
as well as the corresponding correction GI3 →GJT =GI3κ3
of torsional rigidity12 ﬁnally yields the stored energy func-
tion (10) with correspondingly modiﬁed eﬀective stiﬀnesses
as given by Eq. (7) (see also Sect. 4.1 for a more detailed
discussion of this point).
3.6 Kinetic energy and energy balance for Cosserat rods
In general, the kinetic energy of a body is given by the vol-
ume integral
R
V0 dV 1
2ρ0v2, where ρ0(X) is the local mass
12 The correction of torsional rigidity accounts for the contribu-
tion of out-of-plane cross section warping in terms of a correspond-
ing torsional stress function Φ(ξ1,ξ2) and leads to an improved ap-
proximation of the strain and stress ﬁelds as well as the resulting
elastic energy given by Eq. (10) compared to its 3-D volumetric
counterpart. Similararguments applytoanimprovedapproximation
of transverse shear strains and stresses as well as the associated part
of the elastic energy density by accounting for additional contribu-
tions given by a corresponding pair of stress functions χα(ξ1,ξ2).
The classical results obtained by St.-Venant are given in ch. XIV of
Love’s treatise (Love, 1927) (see also ch. II §16 in Landau and Lif-
shitz, 1986). They are contained as a special (and simpliﬁed) case
within Berdichevsky’s more comprehensive and modern treatment
in terms of his method of variational asymptotic analysis applied
to rods (see Berdichevsky, 1981, 1983 and ch. 15 of Berdichevsky,
2009). Apart of Timoshenko’s original treatment of shear correc-
tion factors, the article of Cowper (1966) is a classical reference
on this subject, with correction factors obtained from pointwise
(centroidal) and cross section averaged values of transverse shear
stresses σα3 (see also the discussions in ch. II, section 11 of Vil-
lagio, 1997 and section 2.1 of Simo et al., 1984). More recently
an alternative approach based on energy balance as utilized e.g. in
(Gruttmann and Wagner, 2001) and likewise ﬁts to our considera-
tions, is considered as standard due to superior results. However, the
issue of correction factors for transverse shear in Timoshenko-type
rod models is still subject of discussion and research activities (see
e.g. Dong et al., 2010).
density of the body in the reference volume, and v(X,t) =
∂tx(X,t) is the velocity of the respective material point. Us-
ing the kinematic ansatz (15) with the geometric approxi-
mation J0 ≈ 1, assuming a homogeneous mass density, and
neglecting the contribution of cross section warping (w ≡ 0),
we obtain the integral expression Wk =
R L
0 ds 1
2ρ0[A(∂tϕ)2 + D
ξ2
α
E
A(∂ta(α))2] for the kinetic energy of the rod as a
quadratic functional of the time derivatives of its kine-
matic variables. The rotatory part may be reformulated in
terms of the material components Ωj = ω· a(j) of the angu-
lar velocity vector ω = Ωja(j) of the rotating frame, which
is implicitely deﬁned by ∂ta(k) = ω× a(j), by substituting D
ξ2
α
E
A(∂ta(α))2 = IkΩ2
k. This ﬁnally yields the familiar ex-
pression Wk =
R L
0 ds 1
2ρ0[A(∂tϕ)2 +IkΩ2
k] for the kinetic en-
ergy of a Cosserat rod as given in Lang et al. (2011) with
Ωk expressed in quaternionic formulation. Altogether we ob-
tain the approximation
R
V0 dV[1
2ρ0v2+Ψe] ≈ We + Wk =: Wm
of the three–dimensional mechanical energy of a rod shaped
body in terms of the corresponding sum of the kinetic and
stored energy functions Wk and We of the Cosserat rod model
as given above. In the absence of any dissipative eﬀects,
the mechanical energy must be conserved exactly in both
the 3-D as well as the 1-D setting, such that the identities
d
dt
R
V0 dV[1
2ρ0v2+Ψe] = 0 = d
dtWm hold identically as a conse-
quence of the respective balance equations for both the 3-D
volumetric body and the 1-D rod.
4 Kelvin–Voigt damping for Cosserat rods
Now we have collected all technical prerequisites and ap-
proximate results that enable us to derive the dissipation
function (11) of a Cosserat rod from a three-dimensional
Kelvin–Voigt model in analogy to the derivation of the stored
energy function (10) in a consistent way.
In Landau and Lifshitz (1986) (see ch. V §34) the dissipa-
tion function
R
V dV 1
2ηijkl˙ εij˙ εkl is considered as an appropriate
model of dissipative eﬀects within a solid body near thermo-
dynamic equilibrium, with constant fourth order tensor com-
ponents ηijkl that are the viscous analogon of the components
of the Hookean elasticity tensor. Transfering this ansatz to
the formalism used in our paper, the dissipation function of
Landau and Lifshitz (1986) becomes that of a Kelvin–Voigt
solid as given in Lemaitre and Chaboche (1990)
DKV =
L Z
0
ds
D
ΨKV(∂t ˆ E)
E
A =
L Z
0
ds
1
2
D
∂t ˆ E : V : ∂t ˆ E
E
A, (28)
which is a quadratic form in the material strain rate ∂t ˆ E de-
ﬁned as the time derivative of the Green–Lagrange strain ten-
sor. The constant fourth order viscosity tensor V may be as-
sumed to have the same symmetries as the Hookean tensor
H, with its components depending on viscosity parameters
in the same way as the components of H depend on elastic
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moduli. The stress-strain relation of the Kelvin–Voigt model
is given by ˆ S = H : ˆ E+V : ∂t ˆ E, with the viscous stress13 given
by the term ˆ Sv := V : ∂t ˆ E = ∂∂t ˆ EΨKV(∂t ˆ E).
The dissipation function for a Cosserat rod results by in-
serting the rate ∂t ˆ E0 of the modiﬁed strain tensor (24) into
the dissipation density function ΨKV of the Kelvin–Voigt
model. We will compute this dissipation function explicitely
in closed form for the special case of a homogeneous and
isotropic material. In this special case, the viscosity tensor
assumes the form
VIKV = ζˆ I⊗ˆ I + 2ηP = (ζ −
2
3
η)ˆ I⊗ˆ I + 2ηI , (29)
depending on two constant parameters: bulk viscosity ζ and
shear viscosity η.
To compute ∂t ˆ E0 we use the expression (24) for the mod-
iﬁed Green–Lagrange strain tensor of a Cosserat rod includ-
ing the small strain approximation (19), with the result
∂t ˆ E0≈
1
2
h
∂tH⊗a
(3)
0 +a
(3)
0 ⊗∂tH
i
−ν∂tH3
h
ˆ I−a
(3)
0 ⊗a
(3)
0
i
(30)
depending on the time derivative ∂tH(ξ1,ξ2,s,t) =
∂tHk(ξ1,ξ2,s,t)a
(k)
0 (s) of the material strain vector with
components
∂tH1(ξ2,s,t) = ∂tV1(s,t)−ξ2∂tU3(s,t) ,
∂tH2(ξ1,s,t) = ∂tV2(s,t)+ξ1∂tU3(s,t) , (31)
∂tH3(ξ1,ξ2,s,t) = ∂tV3(s,t)+ξ2∂tU1(s,t)−ξ1∂tU2(s,t) ,
i.e.: ˆ RT
0 ·∂tH = (∂tHk)ek = ∂tV−ξαeα×∂tU, written as a carte-
sian vector w.r.t. the global basis {e1,e2,e3}.
Inserting Eqs. (30) and (31) into the dissipation density
function ΨIKV(∂t ˆ E0) = 1
2 ∂t ˆ E0 : VIKV : ∂t ˆ E0 of the isotropic
Kelvin–Voigt model, analogous computational steps as those
13Note that ˆ Sv : ∂t ˆ E = 2ΨKV(∂t ˆ E) corresponds to the viscous
stresspowerdensity,suchthattheintegral Pv(t) := 2
R
V dVΨKV(∂t ˆ E)
over the body volume yields the (time dependent) rate at which
a Kelvin–Voigt solid dissipates mechanical energy under approxi-
mately isothermal conditions near thermodynamic equilibrium, (see
ch. V §34 and §35) of Landau and Lifshitz, 1986). For a thorough
discussion of the role of the dissipation function within the theory of
small ﬂuctuations near thermodynamic equilibrium from the view-
point of statistical physics we refer to the the corresponding para-
graphs in ch. XII in Landau and Lifshitz (1980) (in particular §121),
as well as V. Berdichevsky’s recent article 2003. In section VI of the
latter, the author points out that a Kelvin–Voigt type constitutive re-
lation holds also at ﬁnite strains, with the dissipative part governed
by a fourth order viscosity tensor V[ˆ E,∂t ˆ E] depending on the local
strain and its rate. While a dependence of V on the invariants of
∂t ˆ E in general prevents the existence of a dissipation function, the
latter does indeed exist according to V.B.’s arguments if V = V[ˆ E]
is independent of the strain rate. This holds e.g. in the case of the
Kelvin–Voigt limit of constitutive laws belonging to the class of ﬁ-
nite linear viscoelasticity (Coleman and Noll, 1961) at suﬃciently
small strain rates (i.e. suﬃciently slow deformations of a body).
done for the derivation of the stored energy ΨSVK(ˆ E0) in the
previous subsection yield the expression
2ΨIKV(∂t ˆ E) ≈ ηE(∂tH3)2 + η
h
(∂tH1)2 +(∂tH2)2i
,
with the extensional viscosity parameter ηE as deﬁned in
Eq. (5) appearing as the prefactor14 of (∂tH3)2. The com-
putation of the cross section integrals of the squared time
derivatives (∂tHk)2 yields the expressions
D
(∂tH3)2E
A = A(∂tV3)2 +Iα(∂tUα)2 ,
D
(∂tH1)2 +(∂tH2)2E
A = A
h
(∂tV1)2 +(∂tV2)2i
+I3(∂tU3)2 ,
from which we obtain the desired cross section integral of
the dissipation density function:
2
D
ΨIKV(∂t ˆ E)
E
A ≈ ηEA(∂tV3)2 + ηEIα(∂tUα)2 (32)
+ ηA
h
(∂tV1)2 +(∂tV2)2i
+ ηI3(∂tU3)2 .
The dissipation function (11) of the Cosserat rod with diago-
nal damping coeﬃcient matrices (3) and damping parameters
(4) is then obtained as Dv = DIKV :=
R L
0 ds
D
ΨIKV(∂t ˆ E0)
E
A.
4.1 Modiﬁcation by shear correction factors
There is obviously a high degree of formal algebraic sim-
ilarity in the derivations of the stored energy function (10)
as presented in Sect. 3.5 and the dissipation function (11) as
presented above: both functionals result by inserting the spe-
ciﬁc strain tensor (24) of a Cosserat rod or respectively its
rate (30) into a volume integral over the 3-D body domain of
a density function deﬁned as a quadratic form given by con-
stant isotropic fourth order material tensors H and V, making
use of the same geometric as well as “small strain” approx-
imations implied by the speciﬁc kinematical ansatz (15) for
the conﬁgurations of a Cosserat rod. The formal analogy in
the derivation procedure leads to a dissipation density (32)
that may be obtained from its elastic counterpart (27) by sub-
stituting viscosity parameters for corresponding elastic mod-
uli (G → η, E → ηE) and strain rates for strain measures.
In the case of the stored energy function (10) the eﬀec-
tive stiﬀness parameters (2) of the rod model are obtained
from a derivation using a kinematical ansatz that completely
neglects out-of-plane warping (i.e.: w3 = 0 = ∂kw3) due to
transverse shearing and twisting, but accounts for in-plane
warping (i.e.: wα , 0) in a simpliﬁed way by assuming a uni-
form lateral contraction (ULC) of the cross section according
to the linear elastic theory (see Sect. 3.4). Softening eﬀects
due to out-of-plane warping are then accounted for by intro-
ducing shear correction factors 0 < κj ≤ 1, which in the case
of a homogeneous and isotropic material enter the model as
multipliers A → Aα = Aκα and I3 → JT = I3κ3 of the area A
14The term K(1−2ν)2+ 4
3G(1+ν)2 = E analogously appears as the
prefactor of H2
3 in the expression (26) of the stored energy function
of a Cosserat rod for the St.-Venant-Kirchhoﬀ material.
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and polar moment I3 of the cross section and – according
to the linear theory – depend solely on the cross section ge-
ometry. The modiﬁed stiﬀness constants (7) are obtained in
combination with the elastic moduli G = µ and E, the latter
appearing instead of λ+2µ due to the enforcment of van-
ishing in-plane stresses by allowing for ULC according to
Eq. (24).
Although the derivation of explicit formulas15 for κj is car-
ried out for static boundary value problems, the same κj,
as well as the kinematic ansatz accounting for ULC, may
be used for dynamic problems, due to the negligible inﬂu-
ence of dynamic eﬀects on the warping behaviour of cross
sections, provided that the rod geometry is suﬃciently slen-
der. Therefore the geometric modiﬁcations A → Aα = Aκα
and I3 → JT = I3κ3, which have already been used to pro-
vide modiﬁed stiﬀness parameters (7) for an improved ap-
proximation of the 3-D (volumetric) elastic energy by the
stored energy function (10) in the static as well as in the
dynamic case, remain likewise valid to achieve a compara-
ble improvement for the approximation of the 3-D integrated
viscous stress power by the dissipation function (11), with
modiﬁed damping parameters given by Eq. (8), leading to the
modiﬁed expressions (9) for the eﬀective viscosity matrices.
This completes our derivation of the Kelvin–Voigt type
dissipation function of a Cosserat rod. Although the argu-
ments given above would certainly beneﬁt from a mathemat-
ical conﬁrmation by rigorous (asymptotic) analysis, the latter
is beyond the scope of this work.
4.2 An (erroneous) alternative derivation approach
The formulation of the Cosserat rod model given by Simo
(1985) introduces spatial force and moment vectors f and m,
usually denoted as stress resultants and stress couples, as the
cross section integrals
f(s,t) =
D
ˆ P(ξ1,ξ2,s,t)· a
(3)
0 (s)
E
A ,
m(s,t) =
D
ξ(s)× ˆ P(ξ1,ξ2,s,t)· a
(3)
0 (s)
E
A
of the traction forces of the 1st Piola–Kirchhoﬀ stress tensor
acting on the cross section area and the corresponding mo-
ments generated by the Piola–Kirchhoﬀ tractions w.r.t. the
cross section centroid, which are obtained by means of the
“lever arm” vector ξ(s) = ξαa
(α)
0 (s). Both integrants may be
expressed in terms of the 2nd Piola–Kirchhoﬀ stress by
means of the transformation ˆ P = ˆ F· ˆ S with the deformation
gradient.Inviewofthesmallstrainapproximation ˆ P ≈ ˆ Rrel·ˆ S
with ˆ S ≈ H : ˆ E discussed in Sect. 3.3 we obtain the relations
ˆ R0(s)· F(s,t) ≈
D
ˆ S(ξ1,ξ2,s,t)· a
(3)
0 (s)
E
A,
ˆ R0(s)· M(s,t) ≈
D
ξ(s)× ˆ S(ξ1,ξ2,s,t)· a
(3)
0 (s)
E
A
15We refer to footnote 12 for a discussion of this issue.
connecting the spatial stress resultants f = ˆ R· F and stress
couples m= ˆ R· M to their material counterparts rotated to
the local reference frame ˆ R0(s) = ak
0(s)⊗ek.
Expanding the material force and moment vectors
w.r.t. the local ONB given by the reference frame
ˆ R0(s) as ˆ R0(s)· F(s,t) = Fk(s,t)ak
0(s) and ˆ R0(s)· M(s,t) =
Mk(s,t)ak
0(s) yields their components in terms of the cross
section integrals
Fj =
D
S j3
E
A , M1 = hξ2S 33iA , M2 = h−ξ1S 33iA,
M3 = hξ1S 23 −ξ2S 13iA
of the components of ˆ S w.r.t. this basis. To compute these
components of the material force and moment vectors in
closed form for the special case ˆ S0 = HSVK : ˆ E0 +VIKV :
∂t ˆ E0 = ˆ S0
SVK + ˆ S0
IKV with the approximate expressions (24)
and (30) of the Green–Lagrange strain tensor and its rate and
the constant isotropic material tensors HSVK = Kˆ I⊗ˆ I+2GP
and VIKV = ζ ˆ I⊗ˆ I+2ηP, we have to evaluate the cross section
integrals with the stress components S 0
α3 =GHα+η∂tHα and
S 0
33 = EH3 + ˜ ηE∂tH3, with ˜ ηE := (1−2ν)ζ +(1+ν)4
3η multi-
plying the strain rate ∂tH3 ≈ ∂tE33.
Therefore ˜ ηE has to be interpreted as extensional viscos-
ity, but obviously diﬀers from the expression ηE given in
Eq. (5) and derived above by computing the dissipation func-
tion. Therefore the corresponding retardation time constant
˜ τE := ˜ ηE/E = 1
3(τB +2τS), which is independent of the value
of Poisson’s ratio ν, likewise diﬀers from the expression of
the extensional retardation time τE given in Eq. (6). Both ex-
pressions ˜ ηE and ηE yield extensional viscosity as a combina-
tion of shear and bulk viscosity, but agree only in the special
case ν = 0. The same assertion likewise holds for the cor-
responding retardation times, of course. However, only ηE
yields the correct incompressible limit ηE → 3η for ν → 1
2,
while ˜ ηE tends to the smaller (and incorrect) value of 2η in
this case.
The resulting expressions for the material force compo-
nents are given by
Fα = GA [Vα + τS ∂tVα] , F3 = EA [(V3 −1) + ˜ τE∂tVα] ,
and the material moment components correspondingly by
Mα = EIα [(Uα −U0α) + ˜ τE∂tUα] ,
M3 = GI3 [(U3 −U03) + τS ∂tU3] .
A comparison with the stiﬀness and damping parameters (2)
and (6) entering the constitutive equations (1) shows that the
derivation approach sketched above correctly yields all of the
stiﬀness parameters as well as the damping parameters asso-
ciated to transverse and torsional shear deformations. How-
ever, the damping parameters governed by normal stresses
and extensional viscosity do not agree due to the appearance
of ˜ τE instead of the correct time constant τE.
The discrepancy between the results of both derivation ap-
proaches can be traced back to the fact that the integration
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of the traction forces and their associated moments over the
cross section fails to account for the non-vanishing contribu-
tions of the in-plane strain rates ∂tE0
αα = −ν∂tH3 associated
to uniform lateral contraction to the total energy dissipation
of the rod. Paired with the corresponding viscous stress com-
ponents S 0
αα = [(1−2ν)ζ−(1+ν)η]∂tH3 these result in the (in
general non-vanishing) contribution
S 0
αα(∂tE0
αα) = −2ν[(1−2ν)ζ −(1+ν)η](∂tH3)2
= (ηE − ˜ ηE)(∂tH3)2
to the dissipation function. As the cross section integrals
given above involve only the stress components S 0
α3 and S 0
33,
this additional source of damping is, by deﬁnition, not con-
tained in the resulting formulas for the material force and
moment components Fj and Mj obtained via this approach.
However, this deﬁciency aﬀects only the viscous part of
the constitutive equations. The elastic part does not show any
discrepancy, as the modiﬁed strain tensor (24) by construc-
tion provides vanishing in-plane elastic stress components
(see Sect. 3.4), such that the stored energy function does not
contain any contributions from non-vanishing in-plane elas-
tic stresses to the elastic energy, and the cross section inte-
grals of the traction forces and their moments yield all stiﬀ-
ness parameters correctly.
In summary, the considerations above suggest that, also
in the case of more general viscoelastic constitutive laws,
our approach to derive eﬀective constitutive equations for
Cosserat rods by computing the stored energy and dissipa-
tion functions is superior to the alternative approach based
on a direct computation of the forces and moments as resul-
tant cross section integrals of the traction forces and asso-
ciated moments, as the latter yields an eﬀective extensional
viscosity which is systematically too small for partially com-
pressible and incompressible solids (i.e.: 0 < ν ≤ 1
2).
4.3 ANCF beams with Kelvin–Voigt damping
In the recent article of Abdel-Nasser and Shabana (2011),
a damping model for geometrically nonlinear beams given
in the ANCF (absolute nodal coordinates) formulation has
been proposed. The authors obtained their model by insert-
ing the 3-D isotropic Kelvin–Voigt model as described above
into their ANCF element ansatz. They used the Lam´ e pa-
rameters λ and µ as elastic moduli, and introduced corre-
sponding viscosity parameters λv and µv, which they re-
lated to the elastic moduli by dissipation factors γv1 and
γv2. From the context it seems clear that in our notation
γv2 = τS, such that µv =GτS = η. Likewise we may identify
γv1 = τB, such that λv = KτB− 2
3GτS = ζ− 2
3η, and the viscosi-
ties are related by the same relation as the elastic moduli (i.e.:
λ = K− 2
3G). If the ANCF ansatz chosen in Abdel-Nasser and
Shabana (2011) handles lateral contraction eﬀects correctly,
both models should behave similar and yield similar simula-
tion results. However, the appearance of the unmodiﬁed elas-
tic moduli λ = 2µν/(1−2ν) and λ+2µ = 2µ(1−ν)/(1−2ν) in
the element stiﬀness matrix (see Eq. 25 of the paper) indi-
cates that the formulation chosen in Abdel-Nasser and Sha-
bana(2011)mayhaveproblemsinthecaseofincompressible
materials (ν → 1
2). A clarifying investigation of this issue as
well as a detailed comparison of both models remains to be
done in future work.
4.4 Validity of the Kelvin–Voigt model
AsremarkedalreadyinLandauandLifshitz(1986),themod-
elling of viscous dissipation for solids by a dissipation func-
tion of Kelvin–Voigt type is valid only for relatively slow
processes near thermodynamic equilibrium, which means
thatthetemperaturewithinthesolidshouldbeapproximately
constant, and the macroscopic velocities of the material par-
ticles of the solid should be suﬃciently slow w.r.t. the time
scale of all internal relaxation processes.
To illustrate and quantify this statement, we brieﬂy dis-
cuss the one-dimensional example of a linear viscoelastic
stress-strain relation σ(t) =
R ∞
0 dτG(τ)˙ ε(t−τ) governed by
the relaxation function G(τ) =G∞+
PN
j=1Gjexp(−τ/τj) (i.e.:
a Prony series) of a generalized Maxwell model. By Fourier
transformation we obtain the relation ˆ σ(ω) = ˆ G(ω)ˆ ε(ω) in
the frequency domain, where the real and imaginary parts
of the complex modulus function ˆ G(ω) =G∞+
PN
j=1Gj
iτjω
1+iτjω
model the frequency dependent stiﬀness and damping prop-
erties of the material.
Using a 1-D Kelvin–Voigt model σKV(t) =Gε(t)+η˙ ε(t) we
obtain the simple expression ˆ σKV(ω) = [G+iηω]ˆ ε(ω), which
approximates the generalized Maxwell model at suﬃciently
low frequencies with G =G∞ and η =
PN
j=1Gjτj. The devia-
tion between the generalized Maxwell model and its Kelvin–
Voigt approximation may be estimated as
|σ(t)−σKV(t)| ≤
1
π
N X
j=1
Gj
∞ Z
0
dω
|ˆ ε(ω)|(τjω)2
p
1+(τjω)2 .
This deviation may indeed become small, provided that the
modulus |ˆ ε(ω)| of the strain spectrum, which appears as a
weighting factor for the terms of the sum on the r.h.s., takes
on non–vanishing values only at frequencies much smaller
thanthosegivenbythediscretespectrumoftheinverserelax-
ation times ωj = 1/τj. The estimate given above also shows
that in this case the Kelvin–Voigt model provides a low fre-
quency approximation of second order accuracy.
5 Numerical examples
To illustrate the behaviour of our damping model, we show
the results of numerical simulations of nonlinear vibrations
of a cantilever beam in Fig. 3 obtained with the discrete
Cosserat rod model presented in Lang et al. (2011).
The parameters of the beam are: length L = 30cm,
quadratic cross-section area A = 1×1cm2, mass density ρ =
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Figure 3. Damped non-linear bending vibrations of a clamped cantilever beam (see text for further details).
1gcm−3, Young’s modulus E = 1MPa, and Poisson’s ratio
ν = 0.3. We assume that ζ/η = K/G holds for the viscosity
parameters, such that according to our model (6) the val-
ues of all retardation time constants are equal (τB = τS = τE).
The tests were performed with three diﬀerent values (0.02s,
0.04s, and 0.08s) of τE = τB/S. No gravitation is present.
The beam is fully clamped at one end, the other end is ini-
tially pulled sideways by applying a force fL = Fe1 of mag-
nitude F = 0.05N to the other end. The resulting initial de-
formation state in static equilibrium16 deviates far from the
linear range of deformations governed by (inﬁnitesimally)
small displacements and rotations w.r.t. the reference con-
ﬁguration, while local strains are small in accordance with
the constitutive assumptions. Starting from this initial equi-
librium conﬁguration, the beam is then released to vibrate
transversally. The deformations of the beam shown in the in-
set of Fig. 3 are snapshots taken during the ﬁrst half period
of the oscillations which illustrate that in the initial phase
of the oscillations substantial geometric nonlinearities are
16A highly accurate approximation of this equilibrium conﬁgu-
ration may be obtained as the curve s 7→ ϕel(s) and adapted frame
ˆ Rel = (e2×∂sϕel)⊗e1+e2⊗e2+∂sϕel⊗e3 ofaninextensibleEulerelas-
tica, which may be computed analytically in closed form in terms
of Jacobian elliptic functions and elliptic integrals (see Love, 1927,
ch. XIX §260–263 or Landau and Lifshitz, 1986, ch. II §19).
present. During the vibrations the beam remains in the plane
of its initial deformation, such that all deformations are of
plane bending type, and the extensional viscosity ηE = EτE
becomes the main inﬂuence for damping.
As expected, the plots of the transverse oscillation ampli-
tude x(t) = e1 ·ϕ(L,t) recorded at the free end of the beam
show an exponential dying out in the range of small ampli-
tudes (linear regime). The deviations from the exponential
envelope adapted to the linear regime that are observed dur-
ing the initial phase clearly show the inﬂuence of geometric
nonlinearity. The plots also suggest that damping becomes
weaker in the nonlinear range. However, linear behaviour
seems to start already with the ﬁfth oscillation period, where
the amplitude still has a large value of ≈ L/3.
This may be further analyzed by evaluating the logarith-
mic decrements δk = ln(x(tk)/x(tk+1)) recorded between suc-
cesive maxima x(tk) of the amplitude as well as the corre-
sponding damping ratios ζk implicitely deﬁned (see Craig
and Kurdila, 2006, ch. 3.5, p. 75) by δk = 2πζk/
q
1−ζ2
k. The
plots for the values of ζk determined in this way are shown in
the inset of Fig. 3. As expected, the ratios approach constant
values in the linear regime, which scale as 1 : 2 : 4 propor-
tional to the values of the time constant τE used in the sim-
ulations. The simulations also show that the decrements be-
come lower in the range of large amplitudes, which conﬁrms
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the observation that the damping eﬀect of our Kelvin–Voigt
model is extenuated by the presence of geometrical non-
linearity. Nevertheless, ζk still scales approximately propor-
tional to τE also in the nonlinear range.
To investigate the inﬂuence of a variation of the bending
stiﬀness on the damping behaviour, an additional test with
quadrupled Young’s modulus E = 4MPa was performed. In
the corresponding amplitude plot shown in Fig. 3 the time
axisoftheplotwithquadrupled E wasstrechedtwofold,such
that the oscillations could be compared directly. After time
stretching the (E = 4 MPa,τE = 0.02s) plot coincides with
the (E = 1MPa,τE = 0.04s) plot, surprisingly even through-
out the whole nonlinear range. Since the oscillation pe-
riod T of the four times stiﬀer (E = 4MPa) beam is twice
smaller than that of the softer (E = 1MPa) beam, this sug-
gests that the damping ratio varies proportional to the ratio
τE/T. Again this would be the expected behaviour in the lin-
ear regime, but is observed here in the nonlinear range as
well.
For small amplitudes, the oscillation period may be esti-
mated as T ≈ (2π/3.561)L2 p
ρA/EI using the well known
formula for the fundamental transverse vibration frequency
of a cantilever beam obtained from Euler–Bernoulli theory
(see Craig and Kurdila, 2006, ch. 13.2, Ex. 13.3, eq. 8). In-
serting the parameters assumed above, we get T ≈ 1.81s as
an estimate, which correponds well to the time intervals of
approximately 1.8 s between successive maxima shown in
Fig. 3 that are also observed throughout the range of geomet-
rically nonlinear deformations. For linear vibrations, damp-
ing ratio values ζ ≈ 1 correspond to a critical damping of
the vibrating system, while values 0 < ζ  1 indicate a weak
damping. According to that, the values ζk observed in our ex-
periments are in the range of weak to moderate damping, and
are well approximated by the empirical formula ζ ≈ 1
πτE/T.
This provides a rough guideline for estimating the strenght
of damping, or likewise an adjustment of the the retardation
time τE relative to the fundamental period T, if the Kelvin–
Voigt model is utilized to provide artiﬁcial viscous damping
in the sense of Antman (2003). According to this, a critical
damping of transverse bending vibrations would be observed
at a value of τE ≈ πT.
Corresponding experiments for axial or torsional vibra-
tions are limited to the range of small vibrations amplitudes,
similar to the ones shown by Abdel-Nasser and Shabana
(2011), as for large amplitudes one would inevitably induce
buckling to bending deformations, such that all deformation
modes would occur simultaneously, which greatly hampers
a systematic investigation of diﬀerent damping eﬀects in the
geometrically nonlinear range. Nevertheless, experiments at
smallamplitudesarehelpfultodeterminetherangesofweak,
moderate and critical damping for the respective deformation
modes, quantifyable by explicit formulas similar to the one
given above for the case of transverse vibrations. These could
then be used e.g. to adjust damping of diﬀerent deformation
modes to experimental obervations.
6 Conclusions
In our paper we presented the derivation of a viscous Kelvin–
Voigt type damping model for geometrically exact Cosserat
rods. For homogeneous and isotropic materials, we ob-
tained explicit formulas for the damping parameters given
in terms of the stiﬀness parameters and retardation time
constants, assuming moderate reference curvatures, small
strains and suﬃciently low strain rates. In numerical simu-
lations of vibrations of a clamped cantilever beam we ob-
served a slightly weakening inﬂuence of geometric nonlin-
earities on the damping of the oscillation amplitudes. We
also found that the variation of retardation time and bend-
ing stiﬀness has a similar eﬀect on the damping ratio as in
the linear regime. In view of the limitations of the Kelvin–
Voigt model w.r.t. higher frequencies it would be worthwile
to develop more complex viscoelastic models (e.g. of gen-
eralized Maxwell type) for Cosserat rods. Our approach to
derive Kelvin–Voigt damping for Cosserat rods may be help-
ful to obtain such models from three-dimensional continuum
theory in an analogous way.
Appendix A
Measuring 3-D strains and stresses for rods
From a mathematical point of view, the tensor ˆ C may be re-
garded as the fundamental quantity to decribe the shape of
a body, as it corresponds to the metric which determines the
shape up to rigid body motions, provided that certain integra-
bilityconditions(i.e.:thevanishingoftheRiemanncurvature
tensor) are satisﬁed. Other strain measures may be obtained
as invertible functions of ˆ C via its spectral decomposition.
As a supplement to the brief discussion given in Sect. 3.1,
we mention a few alternatives to measure 3-D strains and
stresses used elsewhere in connection with geometrically ex-
act rod theory.
A1 The Biot strain and its approximation
In the case of small strains, the Biot strain tensor deﬁned as
ˆ EB := ˆ U−ˆ I, with the right stretch tensor ˆ U given implicitely
either by the polar decompostion ˆ F = ˆ Rpd· ˆ U of the deforma-
tion gradient, or as ˆ U = ˆ C1/2 in terms of the right Cauchy–
Green tensor, is likewise an appropriate alternative choice of
a frame-indiﬀerent material strain measure. Due to the alge-
braicidentity ˆ E = 1
2(ˆ U2−ˆ I) = 1
2(ˆ I+ˆ U)·ˆ EB theBiotandGreen–
Lagrange strains agree up to leading order for small strains,
i.e.: ˆ E ≈ ˆ EB holds whenever ˆ U ≈ ˆ I.
Onemightarguethatforsmallstrainsitispreferabletouse
ˆ EB as a strain measure, as it is linear in ˆ U and therefore a ﬁrst
order quantity in terms of in the principal stretches, diﬀerent
from ˆ E, which is quadratic in ˆ U. However, while (18) pro-
vides a kinematically exact expression for ˆ I+2ˆ E = ˆ C = ˆ U2,
a comparably simple closed form expression for ˆ U itself is
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not available. In general the tensor ˆ U has to be constructed
via the spectral decomposition of ˆ C, which in 3-D cannot be
expressed easily17 in closed form.
For special simpliﬁed problems, like the plane deforma-
tion of an extensible Kirchhoﬀ rod as discussed by Irschik
and Gerstmayr (2009) and Humer and Irschik (2011), it is
possible to derive simple, kinematically exact closed form
expressions18 for ˆ U and ˆ Rpd by inspection of the deforma-
tion gradient. Also in the more general case of ˆ C given by
Eq. (18) an analytical solution of the spectral problem is pos-
sible: by inspection N3 := H×a
(3)
0 /(H2
1+H2
2)1/2 is found to be
one of its eigenvectors, with eigenvalue λ2
3 = 1. The remain-
ing 2-D spectral problem may then be solved analytically by
a Jacobi rotation which diagonalizes the matrix representing
ˆ C w.r.t. the ONB in the plane orthogonal to H× a
(3)
0 given
by a
(3)
0 and the unit vector along the direction of the projec-
tion a
(3)
0 ×(H×a
(3)
0 ) = Hα a
(α)
0 of the material strain vector H
onto the local reference cross section. The resulting analyt-
ical formulas19 for the two eigenvalues λ2
± and orthonormal
eigenvectors N1/2 of ˆ C, which we present below without pro-
viding further details of their derivation, are given by:
λ2
± −1 = ˜ H3 +k ˜ Hk2/2±
q
( ˜ H3 +k ˜ Hk2/2)2 +( ˜ H2
1 + ˜ H2
2) ,
N1 = cos(φ)Hα a
(α)
0 /(H2
1 +H2
2)1/2 + sin(φ)a
(3)
0 ,
N2 = −sin(φ)Hα a
(α)
0 /(H2
1 +H2
2)1/2 + cos(φ)a
(3)
0 ,
with ˜ H := H/J0, and the angle φ given implicitely by
q
˜ H2
1 + ˜ H2
2 cos(2φ) + ( ˜ H3 +k ˜ Hk2/2) sin(2φ) = 0 .
Theyprovidethespectraldecomposition ˆ C =
P3
k=1λ2
k Nk⊗Nk
of the right CG tensor (see Gurtin, 1981, ch. I and II), and the
closed form expression ˆ EB =
P3
k=1(λk−1)Nk⊗Nk of the Biot
strain tensor, as ˆ U = ˆ C1/2.
These considerations conﬁrm that, although a kinemati-
cally exact closed form expression of ˆ EB for deformed con-
ﬁgurations of a Cosserat rod (H , 0) may be derived in this
way, it consists of algebraically rather complicated expres-
sions in terms of the vector H/J0 and its components, com-
pared to the relatively simple formula (18) for the Green–
Lagrange strain. Otherwise, it is straightforward to show
17Whereas analytical expressions for the eigenvalues of a 3-D
symmetric matrix are provided by Cardano’s formulas, we are not
aware of any simple closed form expression for the eigenvectors.
18In this special case, or likewise for spatial deformations of
extensible Elastica without twisting, Hα ≡ 0 ⇒ H = H3 a
(3)
0 holds,
such that the exact expressions ˆ Rpd = ˆ Rrel and ˆ U = ˆ I+
H3
J0 a
(3)
0 ⊗ a
(3)
0
may be read oﬀ directly from Eq. (16) due to the uniqueness of the
polar decomposition.
19The spectral problem for the modiﬁed tensor ˆ C0 = ˆ I+2ˆ E0 given
by Eq. (24), which accounts for uniform lateral contraction and van-
ishing in-plane stresses, may also be solved analytically in the same
way. The corresponding formulas, which we omit here, are very
similar to the ones given above, with the term ( ˜ H3 +k ˜ Hk2/2) multi-
plied by factors (1±ν).
that ˆ U ≈ ˆ I+ 1
2J0
h
H⊗ a
(3)
0 + a
(3)
0 ⊗ H
i
provides an approximate
expression for the right stretch tensor of leading order in
H/J0, as its square agrees with the exact expression for ˆ C
up to terms of order O(H2/J2
0). Therefore, we obtain ˆ EB ≈
1
2J0
h
H⊗ a
(3)
0 + a
(3)
0 ⊗ H
i
as an approximate expression for the
Biot strain, which reduces to Eq. (19) for J0 ≈ 1 and in this
way provides an alternative interpretation of Eq. (19). Within
the same order we may use ˆ Rpd(ξ1,ξ2,s,t) ≈ ˆ Rrel(s,t) to ap-
proximate the rotational part of the polar decomposition of ˆ F.
A2 Relation of the material strain vector to the Biot strain
Following Kapania and Li (2003), Mata et al. (2007, 2008)
use the spatial vector quantity
(ˆ F− ˆ Rrel)· a
(3)
0 =
1
J0
ˆ Rrel · H =
1
J0
Hk a(k)
with ˆ F given by a kinematically exact expression for the de-
formation gradient of a Cosserat rod equivalent to Eq. (16) to
measure the strain at the individual points of a cross section.
Its material counterpart J−1
0 ˆ RT
0 · H = J−1
0 Hkek as well as ob-
jective rates of both vector quantities are then used by these
authors to formulate inelastic constitutive laws for their rod
model on the 3-D level, which are required for a subsequent
numerical evaluation of the spatial stress resultants and cou-
ples of the rod in its deformed conﬁgurations by numerical
integration over the cross section areas.
Following our discussion of the Biot strain and its approx-
imation given above, one recognizes that the strain measure
used by Mata et al. (2008) likewise may be interpreted in
terms of an approximation of the Biot strain via
ˆ F− ˆ Rrel ≈ ˆ F− ˆ Rpd = ˆ Rpd · ˆ EB ≈ ˆ Rrel · ˆ EB .
Using ˆ F− ˆ Rpd as a strain measure is directly related to the
geometric idea to quantify the strains caused by the deforma-
tion of a body by the deviation of a deformation mapping to
a rigid body motion, as discussed by Chao et al. (2010). For a
given deformation gradient ˆ F with positive determinant, this
deviation may be measured by the distance of ˆ F to the group
SO(3) of proper rotations deﬁned as minˆ R∈SO(3)kˆ F− ˆ RkF,
where k·kF denotes the Frobenius norm. It can be shown
that the minimum is actually reached for the unique rotation
ˆ R = ˆ Rpd provided implicitely by the polar decomposition of
ˆ F, such that minˆ R∈SO(3)kˆ F− ˆ RkF = kˆ Rpd ·(ˆ U−ˆ I)kF = kˆ EBkF
holds due to the invariance of the norm under rotations. Al-
together these considerations, combined with the approxi-
mation ˆ Rpd ≈ ˆ Rrel, provide a geometric interpretation for the
strain measure considered by Mata et al. (2008) and its rela-
tion to the Biot strain.
A3 The Biot stress and its approximation
In some works dealing with geometrically exact rods, e.g. in
the articles of Irschik and Gerstmayr (2009) and Humer and
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Irschik (2011), 3-D stress distributions within cross sections
are analyzed in terms of the (unsymmetric) Biot stress tensor
ˆ TB := ˆ RT
pd · ˆ P = ˆ U· ˆ S, which is related to the (true) Cauchy
stress ˆ σ via the co-rotational stress tensor ˆ RT
pd · ˆ σ· ˆ Rpd =
J−1 ˆ TB · ˆ U. The Biot stress tensor ˆ TB as well as its symmet-
ric part ˆ T
(s)
B := 1
2(ˆ TB + ˆ TT
B) are both work–conjugate stresses
related to the Biot strain ˆ EB, as
h
ˆ TB − ˆ T
(s)
B
i
: δˆ EB = 0 holds,
such that both yield identical virtual work expressions.
Small strain approximations of these stress quantities are
obtained by substituting ˆ U ≈ ˆ I (implying ˆ F ≈ ˆ Rpd and J ≈ 1)
into the various transformation identities for the stresses as
given above. This yields the set of approximate relations
ˆ TB ≈ ˆ RT
pd · ˆ σ· ˆ Rpd ≈ ˆ T
(s)
B ≈ ˆ S, which are valid to leading or-
der, analogous to the approximate relations ˆ EB ≈ ˆ E for the
corresponding strain quantities. The approximate stress re-
lations (21) are obtained by the additional approximation
ˆ F· ˆ U−1 = ˆ Rpd ≈ ˆ Rrel, likewise valid to the same order, which
eﬀectively amounts to applying the approximation ˆ F ≈ ˆ Rrel
(implying J ≈ 1) within all transformations of stress tensors.
In summary, due to the assumption of small strains, the
Biot and 2nd Piola–Kichhoﬀ stress tensors approximately co-
incide to leading order (i.e.: ˆ TB ≈ ˆ S), such that both stresses
approximately correspond to the co-rotational stress tensor
given by the components of the Cauchy stress (i.e.: ˆ TB ≈
ˆ RT
rel · ˆ σ· ˆ Rrel ≈ ˆ S) w.r.t. the approximate material basis (i.e.:
Gk ≈ a
(k)
0 ≈ Gk) given by the reference frames ˆ R0(s).
Appendix B
Discretizations of the Kelvin–Voigt model
Our recent articles (Lang et al., 2011; Lang and Arnold,
2012) provide one concrete example of an implementation of
a discrete version of our constitutive model (1), as an integral
part of (and taylored to) our speciﬁc continuum formulation
of the Cosserat rod model using unimodular quaternions, our
speciﬁc spatial discretization approach – ﬁnite diﬀerences
for the centerline, ﬁnite quotients for the quaternion ﬁeld,
both on a staggered grid – applied on the level of the stored
energy (10), kinetic energy (see Sect. 3.6) and the dissipa-
tion function (11), the speciﬁc formulation of the resulting
semidiscrete system as a ﬁrst order DAE or ODE (depending
on the kind of internal kinematical constraints and their treat-
ment),andthe classoftimeintegrationmethodswechooseto
solve the semidiscrete equations for various initial-boundary
value problems.
Our treatment diﬀers substantially from other approaches
as discussed e.g. in the textbooks (G´ eradin and Cardona,
2001andBauchau,2011) orthe article(Bauchauet al.,2008)
already mentioned in the introduction, which mainly use ﬁ-
nite elements (of ﬁrst or higher order) for the spatial dis-
cretization,butagaindiﬀeramongeachotherinthetreatment
of rotational variables and the related interpolation strategy.
In addition, other model variants for geometrically nonlinear
rods or beams exist, like the already mentioned ANCF ap-
proach used by Abdel-Nasser and Shabana (2011), or the re-
cent approach of dynamic splines investigated by Theetten et
al. (2008) and Valentini and Pennestri (2011), where geomet-
rically exact extensible Kirchhoﬀ rods, which require only a
single angle variable to account for twisting, are desribed us-
ing computer-aided geometrical design functions, very simi-
lar to the usage of cubic Hermite splines on the element level
as employed by Weiss (2002b).
In view of the great variety of discretization approaches
applied to diﬀerent geometrically exact rod models, a corre-
sponding discussion of discrete versions of our Kelvin–Voigt
model (1) for each variant is clearly beyond the scope of this
article. In general, any implementation may be obtained most
easily by a semidiscrete approach in terms of material strain
quantities as used in Eq. (1). In this way one circumvents the
technically rather complicated issue of constructing (and im-
plementing) objective strain rates, which for the discretized
material strain measures Uh and Vh of a Cosserat rod are
given by simple partial time derivatives ∂tUh and ∂tVh. An
adaption of Eq. (1) for the dynamic spline model mentioned
above is obtained by setting the transverse shear strains and
their rates to zero (Vα = 0 = ∂tVα), such that V3 = k∂sϕ(s,t)k
remains as the measure for elongational strain.
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